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I revisit cosmological perturbations in Bekenstein’s tensor-vector-scalar theory (TeVeS). Considering only
scalar modes in the conformal Newtonian gauge, the extra degrees of freedom are expressed in a way suitable
for studying modifications at the level of the metric potentials. Assuming a universe in the matter-dominated
phase, I discuss the mechanism responsible for boosting structure growth, and confirm the vector field as its key
ingredient. Using a semi-analytic approach, I further characterize the evolution of density perturbations and the
potentials on sub- and superhorizon scales.
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I. INTRODUCTION
Despite the remarkable success of the standard cosmologi-
cal model [1], open questions related to the nature of cosmic
acceleration and dark matter [2] still leave room to ponder on
alternative possibilities. Among the various proposals, it has
been suggested that the gravitational dynamics may be dif-
ferent from the predictions of general relativity (GR). Addi-
tionally motivated by considerations beyond the field of cos-
mology, this has triggered theoretical developments aimed at
finding viable models, and there exists now a large number of
modified theories which typically introduce extra degrees of
freedom in the gravitational sector [3].
The phenomenology of such modified gravity theories is
quite rich and can involve complex and non-intuitive results
which are hard to understand from the equations of motion
alone. A way forward is to use appropriate parameterizations
which capture the new fields and their dynamics, but allow one
to view their effects from a different angle and to explore how
familiar quantities and observables are affected. Here I want
to follow this approach using the example of Bekenstein’s
tensor-vector-scalar theory (TeVeS) [4] which was originally
constructed as a relativistic extension for the modified New-
tonian dynamics (MOND) paradigm [5] and has been subject
to numerous studies in the literature [6]. Considering pertur-
bations around a spatially flat Friedmann-Robertson-Walker
(FRW) background, I will express the additional degrees of
freedom in a way suitable for studying modifications at the
level of the metric potentials in the conformal Newtonian
gauge. This particular ansatz will then be used to study sev-
eral aspects of the cosmological evolution such as the modi-
fied growth of density perturbations and the gravitational slip
which has been identified as a generic feature of modified
gravity theories [7]. To allow an analytic treatment of the
cosmological background, I will adopt an Einstein-de Sitter
(EdS) universe which only contains pressureless matter and
provides an excellent approximation to the matter era of a re-
alistic universe. The approach taken in this work differs in
motivation from the recent attempts of parameterizing devia-
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tions from GR in a model-independent fashion [8] which are
interesting in their own right.
The paper is organized as follows: Starting with a brief re-
view of TeVeS in Sec. II, its background cosmology and the
modified EdS model are presented in Sec. III. Considering
perturbations in the conformal Newtonian gauge, I then intro-
duce a parameterization of the new variables and discuss the
evolution of cosmological perturbations in Sec. IV. Finally, I
conclude in Sec. V. For clarity, some of the material involving
lengthy expressions is presented in an appendix. If not stated
otherwise, I will assume the notation of Ref. [9] throughout
this work.
II. FUNDAMENTALS OF TEVES
A. Fields and action
In its original form, TeVeS [4, 10] is a bimetric gravity the-
ory which is based on three dynamical fields: an Einstein met-
ric g˜µν, a time-like vector field Aµ such that
g˜µνAµAν = −1, (1)
and a scalar field φ. The gravity-matter coupling involves a
second metric gµν which is obtained from
gµν = e−2φg˜µν − 2AµAν sinh(2φ). (2)
The frames delineated by the metric fields g˜µν and gµν are
called Einstein frame and matter frame, respectively. The ge-
ometric part of the action is the same as in GR:
S g =
1
16πG
∫
g˜µν ˜Rµν
√
−g˜d4x, (3)
where ˜Rµν is the Ricci tensor of g˜µν and g˜ the determinant of
g˜µν. The vector field’s action S v reads as follows:
S v = − 132πG
∫ [
KBFµνFµν − λ(AµAµ + 1)
] √
−g˜d4x, (4)
where Fµν = ˜∇µAν − ˜∇νAµ and indices are raised and lowered
with respect to g˜µν, i.e. Aµ = g˜µνAν. Here the constant KB
2describes the coupling of the vector field to gravity and λ is a
Lagrangian multiplier enforcing the normalization condition
of Aµ. The action S s of the scalar field φ involves an additional
non-dynamical scalar field µ, and takes the form
S s = − 116πG
∫ [
µhµν ˜∇µφ ˜∇νφ + V(µ)
] √
−g˜d4x, (5)
where hµν = g˜µν − AµAν and V(µ) is an initially arbitrary
(potential) function. As the field µ is related to the invariant
hµν ˜∇µφ ˜∇νφ, however, it could in principle be eliminated from
the action. Finally, the matter action is given by
S m =
∫
Lm
[
g,ΥB,∇ΥB
] √−gd4x, (6)
where ΥB is a generic collection of matter fields. By con-
struction, world lines are geodesics of gµν rather than g˜µν. De-
spite its explicit bimetric construction, TeVeS may be written
in pure tensor-vector form [11] and provides a particular ex-
ample of general Aether-type theories [12].
B. Choice of the potential, quasistatic systems
and relation to MOND
The behavior of TeVeS in the nonrelativistic limit depends
on the assumed potential V . Originally, Bekenstein made the
choice
V(µ) = 3µ
2
0
128πl2B
[
µˆ
(
4 + 2µˆ − 4µˆ2 + µˆ3
)
+ 2 log (1 − µˆ)2
]
, (7)
where the constant lB corresponds to a length scale, µˆ = µ/µ0
and µ0 is a dimensionless constant [13]. GR is then recov-
ered in the limit KB → 0 and lB → ∞. Applying the usual
approximations for weak fields and quasistatic systems, one
finds V ′ ≡ dV/dµ < 0, and therefore 0 < µ < µ0. Using that
also V(µ) < 0 for the given range, the metric gµν turns out to
be identical to the metric obtained in GR if the nonrelativistic
gravitational potential is replaced by
W = ΞΦN + φ,
Ξ = e−2φC (1 + KB/2)−1 ,
(8)
where φC is the cosmological value of φ at the time the sys-
tem in question breaks away from the cosmological expan-
sion, and ΦN is the Newtonian potential generated by the mat-
ter density ρ [14]. In this approximation, one further has
hµν ˜∇µφ ˜∇νφ→ (∇φ)2 ≡ ‖∇φ‖22, (9)
and the equation of the scalar field reduces to
∇ · (µ∇φ) = 8πGρ. (10)
Equations (8) and (10) correspond to the MOND paradigm
[4]. If µ → µ0, the theory reaches its Newtonian limit, and the
measured gravitational constant GN is given by
GN =
µ0 + 2 − KB
µ0(1 − KB/2)G. (11)
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FIG. 1. Illustration of the generalized potential function Vn(µ) given
by Eq. (13) for n = 2 (solid line), 3 (dotted line), and 6 (dashed line).
Similarly, the theory reaches its MONDian limit as µ→ 0 and
the acceleration constant a0 can be expressed in terms of the
TeVeS and potential parameters,
a0 =
√
6
2lB
eφC√
πµ0
G
GN
. (12)
As can be seen from above, a0 depends on φC and may there-
fore, in principal, change with time [15].
Different choices of V and their implications for bound
structures have been studied in Refs. [16–18]. Focusing on
cosmological scales, I will assume the following class of po-
tentials in this paper [18]:
Vn(µ) =
3µ20
32πl2B
[
n + 4 + (n + 1)µˆ
(n + 1)(n + 2) (µˆ − 2)
n+1
+
(−1)n
2
log (1 − µˆ)2 +
n∑
m=1
(−1)n−m
m
(µˆ − 2)m
 ,
(13)
where n ≥ 2 [19]. Adopting different values of n, Fig. 1
illustrates the resulting potential shape as a function of µˆ. The
such generalized potential reduces to Bekenstein’s toy model
if n = 2. The derivative of Vn(µ) takes a simpler form and can
be expressed as
V ′n(µ) =
3µ0
32πl2B
µˆ2
(µˆ − 2)n
µˆ − 1 . (14)
Requiring that V ′ is single-valued and V ′ ≥ 0 [4], one is al-
ways free to choose between two possible potential branches.
Here I shall use the branch ranging from the extremum at
µ = 2µ0 to infinity. Under these preliminaries, the potential in
Eq. (13) gives rise to tracker solutions of the scalar field [18],
3with a background evolution similar to other theories involv-
ing tracker fields [20]. I will further elaborate on this behavior
in Sec. III B.
III. COSMOLOGICAL BACKGROUND
A. Evolution equations
Imposing the usual assumptions of an isotropic and homo-
geneous spacetime, both gµν and g˜µν are given by FRW met-
rics with scale factors a and b = aeφ, respectively, where φ
is the background value of the scalar field [4, 9]. Adopting a
spatially flat universe, the modified Friedmann equation in the
matter frame reads
3H2 = 8πGeff
(
ρφ + ρ
)
, (15)
where the physical Hubble parameter is H = a˙/a2 and the
overdot denotes the derivative with respect to conformal time.
Here ρ corresponds to the FRW background density of the
fluid and the scalar field density takes the form
ρφ =
e2φ
16πG
(
µV ′ + V
)
. (16)
The effective gravitational coupling strength is given by
Geff = Ge−4φ
(
1 + dφd log a
)−2
(17)
which is generally time-varying through its dependence on the
scalar field φ. Just as in GR, the energy density ρ evolves
according to
˙ρ = −3 a˙
a
(1 + w)ρ, (18)
where w is the equation-of-state (EoS) parameter of the fluid.
In case of multiple background fluids, i.e. ρ = ∑i ρi, the rela-
tive densities Ωi are defined as
Ωi = 8πGeff
ρi
3H2 =
ρi
ρ + ρφ
. (19)
The evolution of the scalar field φ is governed by
¨
φ =
˙
φ
(
a˙
a
− ˙φ
)
− 1
U
[
3µ
˙b
b
˙
φ + 4πGa2e−4φ
(
ρ + 3P
)]
, (20)
where P is the fluid’s background pressure, and the function
U is related to the potential V ,
U(µ) = µ + 2 V
′
V ′′
. (21)
In addition, the scalar field obeys the constraint equation
˙
φ
2
=
1
2
a2e−2φV ′ (22)
which can be inverted to obtain µ(a, φ, ˙φ). For later use, I also
introduce the relation
2 a˙
a
˙b
b −
¨b
b − µ
˙
φ
2
= 4πGa2e−4φ
(
ρ + P
)
(23)
which follows from combining Eq. (15) with Eq. (22) and the
corresponding Raychaudhuri equation [9]. For a broad class
of potentials V , one typically finds expφ ≈ 1 and ρφ ≪ 1
throughout cosmological history [4, 18, 21]. Therefore, the
background evolution is very similar to the standard case of
GR, with only small corrections induced by the scalar field.
B. Tracker solutions of the scalar field
For the potentials specified by Eq. (13), it has been found
that the scalar field exhibits a (stable) tracking behavior and
synchronizes its energy density with the dominant component
of the universe [18, 21]. Tracking occurs as V ′ tends to its
zero point where µ = 2µ0, and the evolution of the field φ is
then approximately given by
φ = φ0 +
|1 + 3w|
2βµ0|1 − w|−|1 + 3w|
log a, (24)
where φ0 is an integration constant and β = ±1. The sign
depends on the matter fluid’s EoS parameter w and Eq. (20).
The density ρφ then exactly scales like that of the fluid, and
the relative density parameter Ωφ turns approximately into a
constant,
Ωφ =
(1 + 3w)2
6µ0 (1 − w)2
. (25)
The right-hand side of Eq. (24) slightly differs from the ex-
pression presented in Ref. [18]. In Appendix A, I show that
Eq. (24) is indeed the correct result.
During tracking, µ can be expressed as µ = 2µ0(1 + ǫ) with
0 < ǫ ≪ 1. Using V ′(2µ0) = 0 and expanding V ′ to lowest
order in ǫ, Eq. (22) leads to
ǫ =
1
2
16πl2B3µ0 e
2φ
a2
˙
φ
2

1/n
. (26)
It turns out that this is the only stage at which the constant lB
enters the evolution equations. Taking the time derivative of
the above yields the useful relation
˙
φǫ˙ =
2
n
(
˙
φ
2 − ˙φ a˙
a
+
¨
φ
)
ǫ. (27)
Stable tracking requires ǫ to asymptotically decrease to zero,
i.e. ǫ → 0. Therefore, one has the condition ǫ˙ < 0 which may
be used to infer the proper sign of the parameter β in Eq. (24).
C. Modified Einstein-de Sitter cosmology
In what follows, I shall assume a universe entirely made of
pressureless matter with perfect tracking of the scalar field,
4corresponding to the EdS model in GR. Setting P = w = 0
fixes β = −1, and thus the scalar field can be written as
φ = φ0 −
1
2µ0 + 1
log a. (28)
To find the proper value of β, one may either insert Eq. (24)
into Eq. (20), or use the argument presented in Appendix A.
Since the fluid evolves according to Eq. (18), the density takes
the form ρ = ρ0a−3, where ρ0 is the background density’s
value today. Exploiting Eq. (25) allows one to rewrite the
modified Friedmann equation in the matter frame as
H2 = H20a
−3+4/(2µ0+1), (29)
where I have used
H20 = e
−4φ0 8πGρ0
3
(
1 + 16µ0 − 1
) (
1 − 1
2µ0 + 1
)−2
. (30)
The deviation of the Hubble expansion from the ordinary EdS
case is entirely characterized by the parameter µ0. For several
reasons, µ0 should take a rather large value on the order of
100 − 1000 [4]. Thus this deviation will be small, typically at
the percent level in the range of practical interest.
IV. METRIC PERTURBATIONS IN TEVES
A. Preliminaries
1. Matter-frame perturbations
Now I will turn to metric perturbations around a spatially
flat FRW spacetime in TeVeS. The starting point is the set of
linear perturbation equations derived in Ref. [9]. For simplic-
ity, I shall consider only scalar modes and work within the
conformal Newtonian gauge. Perturbations of the metric are
then characterized by two scalar potentials Ψ and Φ, and the
line element in the matter frame is given by
ds2 = a2
[
−(1 + 2Ψ)dτ2 + (1 − 2Φ)δi jdxidx j
]
. (31)
Similarly, one needs to consider perturbations of the other
fields: While the fluid perturbation variables are defined in
the usual way, i.e. the density perturbation, for instance, is
expressed in terms of the density contrast δ,
ρ = ρ + δρ = ρ (1 + δ) , (32)
the scalar field is perturbed as
φ = φ + ϕ, (33)
where ϕ is the scalar field perturbation. Finally, the perturbed
vector field is written as
Aµ = ae−φ
(
Aµ + αµ
)
, (34)
where Aµ = (1, 0, 0, 0) and
αµ = (Ψ − ϕ,∇α) . (35)
The time component of the vector field perturbation is con-
strained to be a combination of metric and scalar field pertur-
bations, which is a consequence of the unit-norm condition in
Eq. (1). Therefore, one needs to consider only the longitudi-
nal perturbation component α.
2. Einstein-frame perturbations
Instead of using Eq. (31), one may also express perturba-
tions in the Einstein frame [9, 21]. In this case, metric pertur-
bations are written as
g˜00 = −b2e−4φ
(
1 + 2 ˜Ψ
)
, (36)
g˜0i = −b2∂i ˜ζ, (37)
g˜i j = b2
(
1 − 2 ˜Φ
)
δi j, (38)
where the Einstein-frame perturbations are given by
˜Ψ = Ψ − ϕ, (39)
˜Φ = Φ − ϕ, (40)
˜ζ =
(
e−4φ − 1
)
α. (41)
To avoid lengthy expressions in the perturbed field equations,
it is convenient to work with variables from both frames.
Since the equation governing the evolution of the scalar field
perturbation is of second order, it is further helpful to intro-
duce an auxiliary field γ which allows one to split the scalar
field equation into a system of two first-order equations [9].
For the present gauge choice, the field γ is given by
γ = 2eφ
U
a
(
−ϕ˙ + ˙φ ˜Ψ
)
. (42)
B. Parameterizing the new degrees of freedom
To explore how the new degrees of freedom modify cos-
mological dynamics, it is helpful to define closure relations
which may be used to eliminate perturbations of the scalar
and vector field from the evolution equations. Consider a new
function Bϕ such that
log Bϕ = ˜Ψ − ϕ. (43)
The function Bϕ is generally time and scale-dependent, and
describes the magnitude of scalar field perturbations relative
to the metric potential ˜Ψ. Its definition is not completely arbi-
trary, but motivated by the algebraic structure of the perturba-
tion equations. The idea is to try to express the new variables
in terms of metric and matter fluid perturbations, which typ-
ically yields equations that are trivially satisfied because of
vanishing background terms. The form of these equations can
then serve as a hint for defining suitable relations. Since such
a procedure is neither fundamental nor unique, however, one
should just take Eq. (43) as an educated guess.
5Similarly, I define a relation for the variables γ and ˜ζ,
log Bγ ∝ 3 ˙˜Φ + k2 ˜ζ − ae
−φ
2U
γ, (44)
where k is the conformal wave vector, and k = |k|. In what
follows, the proportionality constant is set to unity for sim-
plicity. Bγ characterizes a combination of both the scalar and
the vector field perturbations. Because of the term k2 ˜ζ, the
relative contribution due to the vector field perturbation α is
scale-dependent and becomes negligible as k → 0. Likewise,
it will dominate the expression on very small scales within the
horizon. Hence Bγ may be solely associated with vector field
perturbations if one considers the theory on subhorizon scales.
The functions Bϕ and Bγ are strictly positive by construction,
and thus well-defined throughout cosmological history.
Finally, let me also introduce
˜Bϕ = log Bϕ, ˆBϕ
a˙
a
=
˙Bϕ
Bϕ
,
˜Bγ
a˙
a
= log Bγ, ˆBγ
a˙2
a2
=
˙Bγ
Bγ
,
(45)
which allows one to express the modifications in a more con-
venient way. In terms of these new functions, the dynamics of
GR is recovered in the limit
˜Bϕ → ˜Ψ, ˜Bγ a˙
a
→ 3 ˙˜Φ, φ→ 0. (46)
C. Subhorizon scales
In the following, I shall assume the previously discussed
modified EdS cosmology with perfect tracking of the scalar
field. This allows one to use the corresponding background
expressions presented in Sec. III C and considerably simpli-
fies the analysis of the modified equations. Since µ resides
close to its minimum in this case, i.e. µ = 2µ0(1 + ǫ) with
ǫ ≪ 1, one may further exploit the two first-order expressions
µ
U
= 1 − 2
n
ǫ (47)
and
2µ0
U
= 1 − n + 2
n
ǫ (48)
which are useful to rewrite terms involving the field U.
1. Modified potentials
Adopting an EdS universe together with the closure rela-
tions presented in Sec. IV B, one may now write metric per-
turbations solely in terms of auxiliary functions and matter
variables. The resulting equations are quite lengthy and can be
found in Appendix B. As a first application, I consider scales
much smaller than the horizon, i.e. aH/k ≪ 1. Inserting
KB = 0.07
KB = 1
1e-06
1e-05
1e-07
0.01
1e-07
1e-06
1e-05
1e-04
0.1
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1e-03
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0.001
|Ψ˜
|
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FIG. 2. Evolution of ˜Ψ for KB = 1 (top) and KB = 0.07 (bottom).
Assuming µ0 = 250 and a fixed wavenumber k = 0.5 Mpc−1, the fig-
ure shows the full numerical (solid lines) and semi-analytic (dashed
lines) results described in the text. The dotted line indicates the con-
tribution of the zeroth-order term A0.
the logarithmic approximation for φ specified by Eq. (28), I
expand the Einstein-frame potentials ˜Ψ and ˜Φ in powers of
aH/k. To second order, this yields
˜Ψ = A0 +A2 a
2H2
k2
+ O(ǫ), (49)
˜Φ = B0 + B2 a
2H2
k2
+ O(ǫ), (50)
where
A0 =
[
KB − 2
(
1 − e4φ
)]
˜Bϕ
2
(
1 − e4φ
)
− KB
(
1 − 2e4φ
) , (51)
B0 =
e4φKB ˜Bϕ
2
(
1 − e4φ
)
− KB
(
1 − 2e4φ
) , (52)
and A2, B2 are complicated expressions involving δ, φ, and
the functions in Eq. (45). Compared to GR, where the EdS
model gives A0 = B0 = 0 and A2 = B2 = −3δ/2, the po-
tentials exhibit a sophisticated dependence on φ which is ex-
pected to have a significant impact on their evolution.
Previous studies of TeVeS cosmology found that structure
can form more efficiently than in GR and identified a vector
instability, which occurs for small enough values of KB, as the
key ingredient for enhanced growth [21–23]. Scalar field per-
turbations, on the other hand, were argued to play only a neg-
ligible role for structure formation. Here I seek to study this
mechanism at the level of the modified potentials. To this end,
I will also consider full numerical solutions which were ob-
tained with the modified Boltzmann code of Ref. [21]. These
6solutions serve as a consistency check of the used assump-
tions, and allow one to determine the auxiliary functions Bϕ
and Bγ and to characterize their effect on the potentials. The
solver adopts standard adiabatic initial conditions where per-
turbations of the TeVeS scalar and vector fields are set to zero.
Assuming three neutrinos with a mass of 2.3 eV and no dark
matter, all calculations in this work use a spatially flat cos-
mology with density parameters Ωm ≈ 0.04 and Ων ≈ 0.15,
dimensionless Hubble constant h = 0.74, and fixed TeVeS pa-
rameters lB = 100 Mpc and n = 2.
Let me now focus on ˜Ψwhich dictates the dynamics of non-
relativistic matter. Since |φ| ≪ 1 and µ0 ≫ 1 , Eq. (49) can be
further simplified by taking the limit µ0 → ∞ [24] and keep-
ing only leading-order terms with respect to φ. In the process,
one has to be careful when dealing with expressions involving
the constant KB, especially if KB is comparable to φ.
a. KB & 1. In this case, it turns out that
A0 ≈ ˜Bϕ (53)
and
A2 ≈ −2
(
˜Bγ + ˆBγ − 10 ˜Bϕ − 4 ˆBϕ
)
. (54)
If the sum of ˜Bγ and the two time-derivative terms is not too
large, the zeroth-order contribution, A0, will dominate, and
˜Ψ ≈ ˜Bϕ during matter domination. The top panel of Fig. 2
shows a comparison between the numerically computed po-
tential and ˜Bϕ, assuming KB = 1, µ0 = 250, and a wavenum-
ber k = 0.5 Mpc−1. Indeed, the function ˜Bϕ matches the true
potential quite well, which suggests a negligible contribution
from vector field perturbations as long as KB is large enough.
Since the scalar field perturbation typically satisfies ϕ ≪ ˜Ψ,
the approximation ˜Ψ ≈ ˜Bϕ also follows independently from
the definition of Bϕ and is valid for any choice of KB.
b. KB ≪ 1. To leading order, one finds
A0 ≈ 1 − 2
˜K−1
1 + 2 ˜K−1
˜Bϕ (55)
and
A2 ≈ 4 5 − 41
˜K−1 + 56 ˜K−2 − 32 ˜K−3(
1 + 2 ˜K−1
)2 ˜Bϕ
+ ˜K−1
4
(
˜Bγ + ˆBγ − 5 ˆBϕ
)
− 6δ
1 + 2 ˜K−1
− 2
˜Bγ + ˆBγ − 4 ˆBϕ
1 + 2 ˜K−1
,
(56)
where ˜K−1KB = 1 − e4φ. There are two main differences with
respect to the previous case. First, δ explicitly appears in the
equation, sourcing the potential directly and not only through
the functions Bϕ and Bγ. Secondly, the terms A0 and A2
now strongly depend on the ratio ˜K−1. Calculations for the
background yield φ < 0 and ˜K−1 > 0, resulting in a suppres-
sion of A0 relative to higher-order contributions. Hence, the
second-order term, specified byA2, can be expected to be im-
portant. The bottom panel of Fig. 2 shows ˜Ψ together with
the semi-analytic approximation using Eqs. (55) and (56) for
KB = 0.07, µ0 = 250, and k = 0.5 Mpc−1. The full numer-
ical result is again matched very well, but this time the con-
tribution of A0 is much smaller and negative, growing up to
KB = 0.07 (II)
KB = 1 (I)
KB = 0.1 (I)
KB = 0.05 (I)
KB = 0.07 (I)
KB = 0.05 (II)
(I) µ0 = 250
(II) µ0 = 500
1e-05
1e-04
1e-01
0.1
1e-02
1e-03
|Ψ
|
a
0.01
FIG. 3. Evolution of Ψ for k = 0.5 Mpc−1 and different combinations
of KB and µ0. The figure illustrates the numerical result (solid lines)
together with the analytic approximation (dashed lines) valid in the
late matter era.
a fraction of roughly 30% near the end of matter domination.
Considering the term A2, only expressions related to Bγ and
δ turn out as relevant sources.
The above demonstrates that the algebraic mechanism trig-
gered by small values of the vector coupling, KB ∼ |4φ|, is an
important element in generating enhanced growth. Over the
range 0.07 < KB < 1, the full numerical analysis shows that
the ratio ˜Bγ/ ˜Bϕ changes only by a factor of less than 3–4 (and
similarly for ˆBγ/ ˆBϕ), not enough to explain why the terms
involving Bϕ and its time derivative are suppressed. Neglect-
ing the new contributions and changes in the above equations
does not lead to an augmentation of growth. In accordance
with Ref. [22], this points toward the implementation of the
TeVeS vector field as the key ingredient for boosting struc-
ture formation. Once enhanced growth occurs, the potential is
found to be sourced by Bϕ, Bγ, and δ at comparable levels. As
the evolution equations of the potentials, the scalar and vec-
tor fields, and the density contrast are coupled to each other,
however, this complex interplay is hardly surprising.
How do the potentials Ψ and ˜Ψ evolve with cosmic time?
To find an answer, I start from the observation that ˜Bϕ ∼ ˆBϕ
in the late matter era (and similarly for ˜Bγ and ˆBγ). A closer
inspection suggests the relation
˜B′ϕ ∝ ap−1 ˜Bϕ, (57)
where the prime denotes the derivative with respect to the
scale factor a, and the constant p depends on the parameters
of the theory. Remarkably, one finds
p−1 = µ0KB (58)
which, using the tracking solution Eq. (28) and |φ| ≪ 1, can
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FIG. 4. Same as Fig. 2, but now for the slip ξG. The dotted lines
indicate the contribution of the zeroth-order term A0 − B0.
be related to the background scalar field through
ap ∝ e−2φ/KB . (59)
Integrating by separation of variables then leads to
log ˜Bϕ = c1ap + c2, (60)
where c1 is fixed by the proportionality constant and c2 is a
constant of integration. Since ϕ ≪ ˜Ψ, one has Ψ ≈ ˜Ψ ≈ ˜Bϕ,
and the potentials approximately satisfy Eq. (60). Figure 3 il-
lustrates the evolution of Ψ together with the analytic approx-
imation, assuming k = 0.5 Mpc−1 and different combinations
of KB and µ0. The simple models agree well with the numer-
ical results for a ∼ 0.01 and later. In the case of µ0KB = 250,
the additional growth is strongly suppressed and Ψ basically
approaches a constant. The result is found to be independent
of scale as long as aH/k ≪ 1 is satisfied. Given the complex-
ity of TeVeS, the appearance of such an effective description
is astonishing. Since the growth of perturbations is mainly de-
termined by the ratio φ/KB, one may expect this behavior also
for other parameter choices. Exploring its origin is beyond the
scope of this paper, but might be addressed in future work.
2. Gravitational slip
Next, I want to address how the TeVeS growth mechanism
manifests itself in a difference between the matter-frame po-
tentials Ψ and Φ. Introducing the gravitational slip as
ξG = Ψ −Φ = ˜Ψ − ˜Φ, (61)
I will, just as before, consider the limit µ0 → ∞ and keep only
leading-order terms with respect to φ. All comparisons to full
numerical results assume µ0 = 250 and k = 0.5 Mpc−1.
a. KB & 1. Collecting the relevant terms yields
A0 − B0 ≈
(
e4φ − 1
)
˜Bϕ (62)
and
A2 − B2 ≈ ˜Bγ + 4 ˜Bϕ + ˆBϕ. (63)
Unlike the case of ˜Ψ, a factor of e4φ − 1 suppresses the term
A0 − B0, and hence it should become comparable to higher-
order contributions. The top panel of Fig. 4 compares ξG to
its semi-analytic approximation using Eqs. (62) and (63) for
KB = 1. Qualitatively, the approximation is in agreement with
the full numerical result. As expected, the termA0−B0 is not
dominant and increases to a maximum relative contribution of
around 25% at the end of the matter era. The numerical results
show that most of ξG is due to the second-order expression
specified by A2 − B2 ≈ ˜Bγ which, according to Eq. (44), can
be associated with the vector field perturbation ˜ζ.
b. KB ≪ 1. A straightforward calculation leads to
A0 − B0 ≈ − 2
˜K−1
1 + 2 ˜K−1
˜Bϕ (64)
and
A2 − B2 = 2 2 − 29
˜K−1 + 80 ˜K−2 − 56 ˜K−3(
1 + 2 ˜K−1
)2 ˜Bϕ
+ ˜K−1
4
(
ˆBγ − 4 ˆBϕ
)
+ 3
(
2 ˜Bγ − δ
)
1 + 2 ˜K−1
+
˜Bγ + ˆBϕ
1 + 2 ˜K−1
.
(65)
For sufficiently small values of KB, the effect on ξG is very
similar to the case of ˜Ψ, but now both the first and second-
order terms increase to nearly the same degree. The bottom
panel of Fig. 4 shows ξG together with the semi-analytic ap-
proximation using Eqs. (64) and (65) for KB = 0.07. Again,
the full numerical result is well reproduced, and the second-
order term, determined byA2−B2, is dominated by the terms
involving Bγ, its time derivative, and δ. The relative contribu-
tion ofA0−B0 is almost identical to the previous case KB = 1.
Apart from serving as a consistency check and validation of
the used assumptions, the above results confirm that the mech-
anisms responsible for boosting the potentialΨ and for gener-
ating a considerable slip ξG are, indeed, the very same.
3. Growth of density perturbations
To conclude the section on subhorizon scales, consider the
growth of density perturbations during the matter-dominated
phase. Since only the gravitational part is modified, one may
follow the usual derivation of the growth equation and obtains
a2δ′′ +
a
2
(
3 + 4
2µ0 + 1
)
δ′ +
(
k
aH
)2
Ψ = 0. (66)
If p = (µ0KB)−1 is chosen small enough, the analytic expres-
sion of Ψ given by Eq. (60) can be approximated by its first-
order expansion. Using aH ∝ a−1/2 then yields a relation of
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FIG. 5. Growth of density perturbations for different values of KB,
µ0 = 250, and k = 0.5 Mpc−1. The top panel shows the evolution of
δ (solid lines) together with analytic models based on approximate
solutions to the modified growth equation (dashed lines; see text).
The bottom panel depicts the models’ relative accuracy for KB = 0.07
(solid line), 0.1 (dashed line), and 1 (dotted line).
the form (
k
aH
)2
Ψ ∝ aq, q − 1 ∝ p. (67)
Substituting this into Eq. (66) and remembering µ0 ≫ 1, the
solution for δ can be written as the sum of a power-law, i.e.
δ ∝ aq, and a linear combination of solutions to the homoge-
neous system,
δ1 ∝ a−1/2, δ2 = const. (68)
The approximation is expected to hold even slightly beyond
the validity of the adopted first-order expansion since logΨ
effectively grows proportionally to log a over the time range
of interest in cases where p ≤ 0.05.
The top panel of Fig. 5 illustrates the evolution of δ together
with these analytic models (dashed lines) for k = 0.5 Mpc−1,
µ0 = 250, and different choices of KB ≥ 0.07. Starting from
a ∼ 0.02, the numerical results nicely tend toward the analytic
solutions which were matched near the end of matter domi-
nation at a = 0.2. Their relative deviation is indicated in the
figure’s bottom panel, and is in accordance with Sec. IV C 1,
where similar domains of validity have been found. If p ≪ 1,
the constant q approaches unity and one obtains the usual GR
EdS growing mode δ ∝ a, which is the case for KB = 1. The
other cases exhibit enhanced growth and are characterized by
power-law solutions with q > 1. Again, it is remarkable that
the complex dynamics of TeVeS allows a surprisingly simple,
effective description of perturbation growth for a wide range
of parameters.
For µ0KB ∼ 10 and smaller, the simple power-law approxi-
mation will break down and one must resort to Eq. (60) when
solving the growth equation, leading to analytic solutions for
δ which involve exponential integrals. As is seen from the top-
most line in Fig. 3, Ψ grows faster than a power law in these
cases, and one may expect a similar behavior for δ.
D. Superhorizon scales
On scales much larger than the horizon, terms proportional
to k2 may be safely neglected in the perturbation equations,
i.e. k → 0. Considering the Hamiltonian constraint and the
evolution equation for δ, one obtains
− 3
˙b
b
(
˙
˜Φ +
˙b
b
˜Ψ
)
+
ae−φ
2
˙
φγ = 4πGa2e−4φρ (δ − 2ϕ) (69)
and
˙δ = 3 ˙Φ = 3
(
˙
˜Φ + ϕ˙
)
. (70)
As usual, the above implies that the combination δ − 3Φ is
conserved over time.
Using the above equations together with the closure rela-
tions from Sec. IV B, it is possible to arrive at an equation
governing the evolution of ˜Φ. The corresponding derivation is
sketched in Appendix B 2, and the final expression takes the
form
˜Φ′′ +
13
10a
˜Φ′ =
2
15a2
(
˜Bγ + 2 ˆBγ − 32
ˆBϕ
)
, (71)
where it is again assumed that µ0 ≫ 1, and also ˜Φ ≈ Φ since
ϕ ≪ ˜Φ is typically satisfied. There is no explicit dependence
on KB which can only enter through Bϕ and Bγ. Formally, the
solution to Eq. (71) can be expressed in terms of the auxiliary
functions on the right-hand side which are unknown a priori.
The numerical analysis, however, suggests that the right-hand
terms nearly cancel each other,
˜Bγ + 2 ˆBγ − 32
ˆBϕ ≈ 0. (72)
Considering the resulting homogeneous equation then leads to
the solutions
Φ1 ∝ a−3/10, Φ2 = const, (73)
and one is left with the usual result that Φ2 and δ2 are frozen
for modes which have not yet entered the horizon. Compared
to the situation in GR, where Φ1 ∝ a−5/2, the decaying mode
evolves much more slowly and may not die out fast enough to
be discarded in the late matter era.
The top panel of Fig. 6 shows the evolution of the potential
Φ together with the analytic model (matched near a = 0.05)
based on Eq. (73) for k = 5 × 10−4 Mpc−1, µ0 = 250, and
KB = 0.1. The numerical result is basically independent of
KB, as indicated by the dotted lines which quantify the change
of Φ over the range 0.07 < KB < 1. The analytic model is
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FIG. 6. Evolution of Φ for k = 5 × 10−4 Mpc−1, µ0 = 250, and
KB = 0.1. The top panel shows the numerical result (solid line) and
the analytic model described in the text (dashed line). The dotted
lines indicate how Φ changes within the range 0.07 < KB < 1. The
bottom panel depicts the relative accuracy of the analytic model.
very accurate, with a relative error less than approximately 2–
3% throughout matter domination. As already suspected, the
decaying mode is important even at late times around a ∼ 0.1.
Hence, Φ and δ are no longer conserved, but characterized by
a rather slow decay outside the horizon. The insensitivity to
KB on these large scales can also be understood from Eq. (44)
which suggests that the impact of vector field perturbations
becomes negligible as k → 0.
V. CONCLUSIONS
In this work, I have revisited the evolution of cosmological
perturbations in Bekenstein’s TeVeS theory. Considering only
scalar modes in the conformal Newtonian gauge, I have in-
troduced two auxiliary functions, Bϕ and Bγ, which allow one
to express perturbations of the TeVeS scalar and vector fields
in a way suitable for studying modifications due to these new
degrees of freedom at the level of the metric potentials.
Assuming a universe in the matter-dominated phase, I have
examined the theory’s behavior on scales well inside and out-
side the horizon, respectively. Deriving approximate expres-
sions for the potentials on subhorizon scales, I have adopted
a semi-analytic approach to identify and describe the mecha-
nism responsible for the superlinear growth of density pertur-
bations. An important element of this growth mechanism is
the ratio between φ, the background scalar field, and the cou-
pling constant KB, triggering significant changes in the poten-
tials if KB . 4|φ|. The analysis confirms the implementation
of the TeVeS vector field as the key to enhanced structure for-
mation, in agreement with the result of Ref. [22]. The evolu-
tion of δ, the density contrast, and the potential Ψ during the
matter era has been explored semi-analytically and is well ap-
proximated in terms of simple power-law solutions for a wide
range of parameters. This is striking in view of the theory’s
complexity and does warrant further investigation. In the limit
of superhorizon scales, vector field perturbations effectively
decouple from the equations. Unlike the situation in GR, the
potential Φ and δ are not conserved outside the horizon, but
characterized by a slowly decaying mode which remains im-
portant even at late times.
The approach taken here is not restricted to the framework
of TeVeS, and might be useful to study the properties of other
modified gravity theories with additional degrees of freedom.
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Appendix A: Scalar field evolution during tracking
In the following, I will assume the generalized potential de-
fined in Eq. (13) and adopt the notation and definitions used in
Ref. [18]. There it has been found that the scalar field evolves
during tracking as
φ = φ0 + φ1 log a, (A1)
where
φ1 ≡ dφd log a (A2)
is approximately constant. Following the derivation presented
in Ref. [18], one shows that
φ1
1 + φ1
=
β
2µ0
√(
1 + 3w
1 − w
)2
, (A3)
where β = ±1 denotes the sign of the scalar field’s time deriva-
tive, i.e.
β ≡ sgn ˙φ. (A4)
To see that the sign in Eq. (A3) is chosen appropriately, one
uses Eq. (A1) and finds that
β = sgn
(
φ1
a˙
a
)
= sgnφ1 = sgn β, (A5)
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where I have assumed that |φ1| ≪ 1 for the last equality. Note
that this is justified because of the requirement µ0 ≫ 1 for
viable cosmological models. When evaluating the square root
in Eq. (A3), one needs to take into account that the argument’s
sign depends on the actual choice of w. Therefore, one has
√(
1 + 3w
1 − w
)2
=
|1 + 3w|
|1 − w| , (A6)
which eventually gives the result in Eq. (24). During tracking,
the field µ (see Sec. III B) evolves as µ = 2µ0(1 + ǫ), where
log ǫ ∝ −2φ1 + 3(1 + w)
n
log a, (A7)
and thus 2φ1 + 3(1 + w) > 0 emerges as a condition for stable
tracking. For a universe dominated by a cosmological con-
stant Λ, one has w = −1 and therefore β = 1. Since the time
derivative of φ changes its sign when passing from the matter
to the Λ era (resulting in ρφ momentarily going to zero) [21],
it follows that β = −1 during matter domination. This result
is in accordance with previous work [4, 22] where it has been
shown that φ decreases with time during the matter era.
Appendix B: Parameterized perturbation equations
In what follows, I will adopt the linear TeVeS perturbation
equations for scalar modes in the conformal Newtonian gauge
[9]. Further, I will assume a spatially flat spacetime and a
universe filled with pressureless matter only, corresponding
to the modified EdS cosmology introduced in Sec. III C. In
this case, the fluid’s pressure components may be neglected
(w = Cs = Σ = 0, where Cs and Σ are the fluid’s sound speed
and shear, respectively) and the background density evolves
as ρ ∝ a−3. As usual, the equations are expressed in Fourier
space using the conformal wave vector k in accordance with
the coordinate system specified in Sec. IV A.
1. General case
The goal is to express the metric potentials in terms of mat-
ter fluid variables, using the closure relations from Sec. IV B.
Since there remain three fields, i.e. the two metric potentials
and the vector field perturbation α, this requires finding three
linearly independent equations. For the first equation, I elimi-
nate α˙ between the corresponding vector field and propagation
equations, which leads to
˜Φ +
(
1 − e4φ
)
E − e4φ ˜Ψ − 4˙φα + e4φ
(
a˙
a
+ 5˙φ
)
˜ζ = 0. (B1)
Differentiating the above and substituting all remaining time
derivatives by a suitable combination of the perturbation equa-
tions eventually gives
e4φk2 ˜ζ +

(
1 − e4φ
)2
KB
 µ
˙
φ
2
1 − e4φ
+ 8πGa2e−4φρ
 − 8
1 + 2 1 + e4φ1 − e4φ
 ˙φ2 − 4¨φ
α + 4˙φ
−1 + 1 + e4φ1 − e4φ
 ˜Φ
+ e4φ
4 1 + e4φ1 − e4φ ˙φ
(
a˙
a
+ 5˙φ
)
+
a¨
a
− 2 a˙
2
a2
− 4˙φ a˙
a
+ 5˙φ
2
+ 5¨φ
 ˜ζ + 4πGa2e−4φρ
1 + 3e4φ − 2
(
1 − e4φ
)2
KB
 θ − e4φ a˙a ˆBϕ
+

1 + 3e4φ − 1 − e4φKB
 µ ˙φ − e4φ
4 ˙bb + 5˙φ + 4 1 + e
4φ
1 − e4φ
˙
φ

 ˜Ψ − µ ˙φ
1 + 3e4φ − 1 − e4φKB
 ˜Bϕ − e4φ a˙a ˜Bγ = 0,
(B2)
where θ denotes the fluid’s velocity potential, k = |k|, and ˜ζ is related to α through Eq. (41). To find a second equation, one
may start from Eq. (44). Similar as before, I take its time derivative and use the perturbation equations to recast the resulting
expression into a more convenient form. A bit of algebra then reveals
− e−4φk2 ˜Φ + e−4φ
(
1 − µ
2U
)
k2 ˜Ψ − e−4φ µ
2U
˙
φk2α +
[
µ
U
˙
φ − 3
(
µ
˙
φ −
˙b
b
)
+
˙U
U
] (
k2 ˜ζ + 12πGa2e−4φρθ
)
+
[
3
(
˙b
b − 5
˙
φ
)
˙b
b +
4π
U
Ga2e−4φρ − 6
¨b
b + 3
(
µ
˙
φ −
˙b
b
) (
µ
U
˙
φ − 3
(
µ
˙
φ −
˙b
b
)
+
˙U
U
)]
˜Ψ − 4π
U
Ga2e−4φρδ − 3 a˙
a
˙b
b
ˆBϕ
− a˙
2
a2
ˆBγ +
e−4φ2U
(
µk2 − 16πGa2ρ
)
− 3µ ˙φ
(
µ
U
˙
φ − 3
(
µ
˙
φ −
˙b
b
)
+
˙U
U
) ˜Bϕ +
(
3µ˙φ − 5
˙b
b − 2
˙
φ −
˙U
U
)
a˙
a
˜Bγ = 0.
(B3)
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Finally, the last equation is obtained from eliminating E between Eq. (B1) and the Hamiltonian constraint equation. Together
with the relations presented in Sec. IV B, one ends up with
−
(
2 − KB
1 − e4φ
)
k2 ˜Φ − KB e
4φ
1 − e4φ
k2 ˜Ψ + KB
 ˙bb − 4 e
4φ
1 − e4φ
˙
φ
 k2α − 2e4φ
(
˙b
b − U
˙
φ
) (
k2 ˜ζ + 12πGa2e−4φρθ
)
− 8πGa2ρδ
− 2e4φ
[
3 (µ + U)
˙b
b
˙
φ − 3µU ˙φ2 − 8πGa2e−4φρ
]
˜Ψ + 2e4φ
[
3µ ˙φ
(
˙b
b − U
˙
φ
)
− 8πGa2e−4φρ
]
˜Bϕ − 2e4φU ˙φ a˙
a
˜Bγ = 0.
(B4)
2. Superhorizon limit
For scales well outside the horizon, the perturbation equa-
tions can be simplified by considering the limit k → 0. Taking
the time derivative of Eq. (44),
3 ¨˜Φ − a˙
2
a2
ˆBγ −
(
a˙
a
−
˙U
U
− ˙φ
) (
3 ˙˜Φ − a˙
a
˜Bγ
)
=
ae−φ
2U
γ˙, (B5)
the first step is to substitute γ˙ with the help of the perturbed
scalar field equations. Next, one needs to eliminate terms in-
volving the potential ˜Ψ. This can be achieved by appropriately
combining the time derivatives of the modified propagation
equations with the remaining perturbation equations. Finally,
using Eqs. (69) and Eq. (70) allows one to derive an equation
governing the evolution of ˜Φ.
Defining the auxiliary quantities
˜P ≡ 3
˙b2
b2
− 4πGa2e−4φρ (B6)
and
˜Q ≡ U
[
2
¨b
b +
˙b
b
(
5˙φ −
˙b
b
)]
, (B7)
the result can be expressed as
(
˜P − 3 ˜Q
)
¨
˜Φ + ˜P
a˙
a
˙b
b
ˆBϕ +
[
˜P
(
(3µ + 2) ˙φ −
˙b
b
)
− 3 ˜Q
×
((
2 + U−1
) ˙b
b +
˙U
U
+
(
1 + µU−1
)
˙
φ
)]
˙
˜Φ + ˜Qa˙
2
a2
ˆBγ
+
a˙
a
[
˜Q
(
2
˙b
b +
˙
φ +
˙U
U
)
+ ˜P
(
˙b
b − µ
˙
φ
)]
˜Bγ = 0.
(B8)
Adopting the modified EdS cosmology, this eventually leads
to the expression in Eq. (71).
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